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Outline

 Examples of Combinatorial Problems

 Column Generation for CSP

 ORQ: How could ML speed the execution?
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Vehicle Routing Problem

 A fleet of m vehicles must serve a group of n customers, 

departing from a depot and returning to the depot

 By minimizing a certain cost, typically the total 

distance or the total transportation cost

 Generalization of the Traveling Salesman Problem (TSP)

Parameters

 𝑐𝑖𝑗 cost to go from 𝑖 to 𝑗

 𝑑𝑖 customers demands

 𝑄 vehicle capacities (CVRP)

Sets

 𝑉 = 0, 1, 2, … , 𝑛 Nodes

 𝑁 = 1, 2, … , 𝑛 Customers

 𝐾 = {1, 2, … ,𝑚} Vehicles

Indices

 𝑖, 𝑗 ∈ 𝑉

 𝑘 ∈ 𝐾

Decision Variables

 𝑥𝑘𝑖𝑗 = ቊ
1, 𝑖𝑓 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑘 𝑡𝑟𝑎𝑣𝑒𝑟𝑠𝑒𝑠 𝑎𝑟𝑐 (𝑖, 𝑗)

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 𝑢𝑖 𝑎𝑢𝑥𝑖𝑙𝑖𝑎𝑟𝑦 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒s used for MTZ constraints 3



 The mathematical model

Vehicle Routing Problem

෍

𝑘∈K

෍

𝑗∈V, 𝑗≠i

𝑥𝑘𝑖𝑗 = 1 , ∀ 𝑖 ∈ 𝑁

min ෍

𝑘∈𝐾

෍

𝑖∈V

෍

𝑗∈V, 𝑗≠i

𝑐𝑖𝑗 𝑥
𝑘
𝑖𝑗

෍

𝑖∈N

𝑑𝑖 ෍

𝑗∈V, 𝑗≠i

𝑥𝑘𝑖𝑗 ≤ 𝑄 , ∀ 𝑘 ∈ 𝐾

෍

𝑗∈N

𝑥𝑘0𝑗 ≤ 1, ∀ 𝑘 ∈ 𝐾

෍

𝑖∈N

𝑥𝑘𝑖0 = ෍

𝑗∈N

𝑥𝑘0𝑗 , ∀ 𝑘 ∈ 𝐾

෍

𝑗∈V,𝑗≠i

𝑥𝑘𝑖𝑗 = ෍

𝑗∈V,𝑗≠i

𝑥𝑘𝑗𝑖 , ∀ 𝑖 ∈ N, ∀ 𝑘 ∈ 𝐾

𝑢𝑖 − 𝑢𝑗 + 𝑄 ෍

𝑘∈K

𝑥𝑘𝑖𝑗 ≤ 𝑄 − 𝑑𝑗 , ∀𝑖 ≠ j

𝑢𝑖 ≥ 0, ∀ 𝑖 ∈ N

𝑑𝑖 ≤ 𝑢𝑖 ≤ 𝑄, ∀ 𝑖 ∈ 𝑁

𝑥𝑘𝑖𝑗 ∈ { }0,1 , ∀ 𝑖, 𝑗 ∈ 𝑉, 𝑖 ≠ j,∀ 𝑘 ∈ 𝐾
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 A huge number of possible routes

 But only a small fraction of them are 

actually useful!



Crew Scheduling Problem

 We have a set of flights

 Each flight has to be covered by a crew

 Each crew has to satisfy compatibility constraints among flights

 Legal constraints, connection times, rest requirements (etc.)

 Objective: to build complete pairings with minimum total cost

 Set Partitioning Problem (SPP)

Parameters

 𝑐𝑝 cost of the pairing p ∈ 𝑃

 𝑎𝑓𝑝 = ቊ
1, 𝑖𝑓 𝑝𝑎𝑖𝑟𝑖𝑛𝑔 𝑝 𝑐𝑜𝑣𝑒𝑟𝑠 𝑓𝑙𝑖𝑔ℎ𝑡 𝑓
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

Sets

 𝐹 = 1, 2, … , 𝑛 Flights

 𝑃: Set of all feasible

pairings

Decision Variables

 𝑥𝑝 = ቊ
1, 𝑖𝑓 𝑝𝑎𝑖𝑟𝑖𝑛𝑔 𝑝 𝑖𝑠 𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒 5



Crew Scheduling Problem

 The mathematical model

෍

𝑝∈P

𝑎𝑓𝑝𝑥𝑝 = 1 , ∀ 𝑓 ∈ 𝐹

min ෍

𝑝∈𝑃

𝑐𝑝𝑥𝑝

𝑥𝑝 ∈ { }0,1 , ∀ 𝑝 ∈ 𝑃

 Very simple model!

 The real problem is 𝑃

 How big is |𝑃|?
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Crew Scheduling Problem

 Simple Example with 𝐹 = 4

 𝑃 is the number of valid sequences

 Lenght 1:

A, B, C, D 4

 Lenght 2:

Permutations of 2 elements

AB, AC, AD

BA, BC, BD

CA, CB, CD

DA, DB, DC 12 C

D

B

A

 Lenght 3:

Permutations of 3 elements

ABC, ACB, ABD, ADB, ACD, ADC

BAC, BCA, BAD, BDA, BCD, BDC

... 24

 Lenght 4:

All the permutations

4!=24

 Total: 4+12+24+24

 In general 𝑃 = 𝑂(σ𝑘=1
|𝐹| 𝐹 !

𝐹 −𝑘 !
) = 𝑂 𝐹 + 𝐹 𝐹 − 1 +⋯+

𝐹 !

2
+ 𝐹 ! + 𝐹 !

𝑷 = 𝑶(|𝑭|!) 7



 In practice, how can we build a pairing? (Just an intuition)

 Compatibility constraints - a pairing must comply with:

- time compatibility (a flight must depart after the previous one has arrived)

- basic requirements (departure and arrival at the same airport)

- flight hour limits

- limits on the number of traits

- rest periods

 Geographic and temporal structure of the CSP        |P| becomes exponential in |F|

Crew Scheduling Problem
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Column Generation Algorithm 

(applied to the CSP)

 It avoids generating all pairings at the start

 Each column corresponds to one feasible pairing

෍

𝑝∈P

𝑎𝑓𝑝𝑥𝑝 = 1 , ∀ 𝑓 ∈ 𝐹

min ෍

𝑝∈𝑃

𝑐𝑝𝑥𝑝

𝑥𝑝 ∈ { }0,1 , ∀ 𝑝 ∈ 𝑃

෍

𝑝∈P’

𝑎𝑓𝑝𝑥𝑝 = 1 , ∀ 𝑓 ∈ 𝐹

min ෍

𝑝∈𝑃′

𝑐𝑝𝑥𝑝

𝑥𝑝 ≥ 0, ∀ 𝑝 ∈ 𝑃′

Becomes

 A primal solution (values of 𝑥𝑝 )

 A set of dual variables, one for each flight constraint: 𝜋𝑓 , ∀ 𝑓 ∈ 𝐹 9



Column Generation Algorithm 

(applied to the CSP)

 How do we enlarge 𝑃′?

 Pricing Problem

𝑐𝑝: Real cost of the pairng 

𝜋𝑓: Price of covering the flight 

σ
𝑓∈F𝜋𝑓𝑎𝑓𝑝 : Benefit of covering the set of flights

D𝐞𝐟𝐢𝐧𝐢𝐭𝐢𝐨𝐧 Reduced Cost :

𝑐𝑝 = 𝑐𝑝 − σ
𝑓∈F𝜋𝑓𝑎𝑓𝑝

 𝑐𝑝 < 0: Convenient pairing

 𝑐𝑝 ≥ 0: Does not improve the solution

 Pricing Problem: min 𝑐𝑝 (Shortest Path Problem – with RC) 10



Other fields of application of CG

 Unit Commitment (Energetic Field)

 Portfolio Optimization (Quantitative Finance)

 Cutting Stock (Manufacturing Industry)

 Graph Coloring (Telecomunications)

 Crew Rostering (Transportation)

11



ORQ: How could ML speed the execution?

 ML + CO: ML does not replace 
algorithms, but learns their key 
components

 Two paradigms: end-to-end VS learning 
within optimization

 Most effective approach: ML integrated 
into OR algorithms (Branch & Bound, 
CG)

 In Column Generation: focus on the 
Pricing Problem

 ML used to predict promising columns 
and reduced costs

 Benefit: drastic reduction in 
computation time while maintaining 
quality
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Arcs Selection in the PP Graph

 CG often dominated by PP

 Idea: learn to prune arcs in the 

pricing graph

 Formulate arc selection as binary 

classification

 Keep only arcs used in generated 

columns (≈ <20%)

 Build reduced graph → faster shortest 

path computation

 Achieve up to 40% speed-up with 

negligible loss of quality
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Thank you for your attention!
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